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1. If Ugr Uppacsons denotes a sequence of real numbers unifor:
ly distributed modulo 1 and if £(x) is a bounded Riemamn-inte-
grable function of the real variable x, with period 1, then
w;mm ...}\?.... h[;_f(u,‘) z ff(‘b}di.

It is obvious that the theorem becomes false if, instead of suvy-
posing that f is Riemann-integrable, we assume only that f iu
Lebes .ue-integrable, since we can change arbitrarily the vaiuss
of £ at all points w, (mod«1) without changing the integral.

A natural questian to ask is whether for £ € L. , the rela‘:

N ‘
(1) Viem, ..i_._ ):'_f(x-vu“) z {{(t)d&

holds almost everwhere in xs If w, =0n, where 8 is any fixed
irrational mumber, the relation {1) holds for almost all x, vndey
the only assumption that f €L . This result, due to Khintchin:

is actually an instance of Birkhoff's ergodic theorem 2) , and oue
cannot expect a generaligation of the argument to general uvnifo: -
ly distributed sequences,

Here, using an argument based on different ideas, ve shall
give some results of the type (1), confining ourselves to the
case £ el and to certain types of sequences {u.m}& [

If; instead of a result of the type (1) we consider conver-
gehce in mean, we can B'bate the following general theorem 3 )

Theorem I. Let gx} € L be 8 function with period 1 and meau

value zero, i.e. f f(x)dxzo. Then, for any sequence {%} had form-
1y distributed moaulo 1, one has |

mw £ '.ﬁ[}f(x-&ww} dx =z ©

Proof. Let Z: ¢ e “"“" be the Fourier series of f (e, =0,

e, = o ) Iet us write

z.mku ‘U’uku
R T

X

S0 that the imagral eanai&emd in the thearem is aqu&l 1;0

i ick ‘Skg
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then &, anen that 15,4 <&  for k= 1, 2, ... hand ¥ 3 N,

the Zutegural vill not, exceed

>

-

e[ [ frav )

for N > §_, which prévesthe theowim.-

2. Tu are tnzhle to stets s result of the type (1) without ma-
kin, czrvair additional hypotheses oo the fuasticn I and on thno
‘ ] 3

gseguence i{“’mj e (That some additional hypothcses, &b leoast on
the function f, are necessary, will ve ghown &t the end cf +he
paper, witn the usg of an arzunent dus to BrdbI).

Let again I € 1L have period * &nd mean vslue zero, 0 that

f(x) ~ 2 2rikn 2 =0, 2, =0 s

X . € %= 03 % = By
Let us Genote by R(h) tne remainder z’___'lC;J
Let us now d: no+e by ?(M,h,-.) the sum
FRAAT
¢ {(rt N ared . being :Lu'begers)
N-H

We can stote qu fo]‘omn,g Jhoox'cm-

- Theovrem II. Let £r1’ hﬂe period 4 and mean value zero,
and be such fhas R(b)=0 ( — ewC ) rhere x> 1, Let { uq3 be a
0, W T o - S— -

Beguence uniformly distributed moSvl.o i wc snak
|S ™, M m;] AR ey g, M M),
where -I\,f’ ¢, T 2z gonmsbeuts such Insh ¢ +T1<5 amd V< Y2,
Then, almost evexyvvhave in x
1lim ._.:__. L‘_{’(""‘"ﬁ“"""'f(x"*u’rrﬂ 20

N- =0 J

The vroof depends on the followin ¢ lerma, which ia a parti-
cular case of a vesult of GIY and B.o.cszau "), We give here a
proof somewhat diffarent frow the original one.

Terra, L2t {4 (x,{ s¥ =1, 2, ,.... be @ sequence of functions
all belonzing %o ILF (P> 1)in the interval (0,1). et (W) ke
positive mogvionic decrsasing such thaw I i-%;" <o Spogs that
for all M, N,

-

. M-N P'
“t dx ¢ CUMaN)

whe.2d > 1. &hﬂn, ffcr almog® al" X

lim L ff +f “‘)(;.} = 0
NMaoa N '

Proof of the lemra. Iet M be a positive imtigers By (h)

(ho= 1, 2, 2svee? ) v: denote any of the intexrvals (Open on the

left, closed on the right) obtained hy ‘hh svbdivision of the

interval (0, 2 ) in Zk equal parsg. By §° ‘>we Jerote the sume‘,

where ¥V takss all integral values conca;nu in A ‘i
Deroting by j any fixed integer such that 1 € j £ Zn, and

writing J in the éyadic eystem, we find that the interval (o,3)

: A
N q(.’”

»




"3 7 (n)
is the sum of certain intervals A x VWhere k takes at most once
each valus 0o, 1, 2, ....n, gnd each h depends on the corresptnding
k. According to this

J th,) ich
ka = EOSO +.oo-.00’0 + £'b ﬂ:)-

where EL =0 or 1.
Let © be a positivé number larger tha,n 1, 0 be fixed later ou:
one h:a.s,J us:.ng Hbldex's 1nequali

‘Z—_]‘v < (4___ % (k") )1’

-t e ki o thyf
( .éﬁ)f’(g; of 15.1)

7

, ‘”P’k

30

where % +% = 1 . Hence for all j (1< j ¢<2") and gil x

1260 < BI_ I o 15T,

where B = ( 2 ' 3 P.K )P 1, and the double summation is extended

K=o

to k =0, 1, 2, ..... n; and for each k +0 all values of h
(h = 1; 2, sus ok ) Now, by hypothes:.s,

i

f l’sff‘) | ax ¢ ¢ 2P plu-id, (227)

-

Hence
JU) ' n
T 7\ KA nek;
where We can suppose that the .Lnteger 3(x) is any measurable ﬂm oo

of x, Supposing now

0.

]

2P 2 g ¢ 27
cne has ;,, = , e
! > L P L no k ' :
L . Looopkk o ntp-d) kol alk)
Vi - O _.1.._. y (‘) d.2 e RGN
dx = — L -4 : VASIAN
, \ ! % Pk
~ -,(Jf%‘__@_,_.___....ﬁq(& j’
‘ ' AT o 2(1“".”‘ - ’
RN d-d
Now fix @ such that 1<6 < 2 ,o (which is possible sinee 3> 1),
and put | R S R
one has = n R 8 }:_"};3 Z:
S

- ow(»’uuotm

811&: remarklng 'that ‘t‘we cond: tlon : L 9%{.) (@;mpligs ):—7( 2:{") ‘ °° d
one has, ert:r.ng ‘ o e ; b
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w7

J lh———‘ 22 3(x) g 2°

J
that Z:I <o, In othsx words

e X ' .ZJI_.J.L" t dx < oo
n=t A fhkjél

hich impli N oy
which implies )_:_f,, ) o{"r)

for almost all x.-

Prea:’t of Theorem II. Writi

L; f(x+ ) dx
one has, usi he ’h otheses of the theorem:
nff ley | Isw. N, &)

ﬁm“‘f_’_ ™ -‘f'n TR NERCD P

- i\—h'l"
<y [h“' K (N - b —Eee ]
| (1og n)*

A' being a constant. Fix now an &€ , positive, such that
(2) 2fe +20 +2% < 2

as is clearly puaaible since ¢ +T < 1,. and take for h the inte-
gral part of R + Then

2pe + 26 T2t 14(2 |
¢ C{ XN’ (M + N) + S
e ”N , (log N)
one has by (2) '

LY 2-2%
. () N

£ D
MN (log M)

D being a constant. Since L<¥2,0o>1, en arplication of the lemma
(mthF =2) gives

4

lim f(x‘!'u)'*‘f\x'i” )+rvon.t+ f(X‘Q-’Q)} = Q
N 00 [ 1 2 ¥

for almost a.ll Xe

3. Applications. Ve propose now %c give examples of eequences
{w.} %miformly diatributeM ¢r which the relation .
j,._ : Z‘\/h‘ Qf{% i

T
s, ¥, 0 ¢ A" 8 (M, W) (471, T y2)
is zatisfied.. ‘
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Pirsh Lxample. Let © denote an irrational number of the type
I, that 1s o say that for some constant %> 2, the inequality

[ o8|«

‘has only a finite number o solutions in integers p and q,
(¢ > 1). We can take, for instance, for § any algebraic number;
- oxr any irrational number with bounded partial quotients. By a
well known theorem the numbers which are not of the type I
form a null set (Borel). . ' | -
Let now, r being an integer 2 2,

r ra
un= en +C{'n l + eeasae +Xp
Whe 3¢, , »»sse O, are arbiirary real constants, Te shall prove
that for the sequence phd using the notations of theorem II,

one has

(3) - }s(m, N, )| & ' (e
8o that theorem II is app]inable to such a sequence.

In fact, this can be deduced from’ theorema of Weyl, Vino~
gradoff and others. As we do not need the modern results in their
sharpest form, We meke use, instead, of the following special
case of the 'hedrem of Koksmas),'which has the advantage that
the wanted ineguality (3) follows from it immediamely

 Let r denote a positive integers put P = 2" ; 01z an ix
tional number of the type I, described above, so that ‘& numver
= 1(0) exists such that for all integera 4> 1,

lsin uf-z e‘ >
q’"! |
Then if ¥ n}) denotes the polynomi al ku, We'have‘s}
M4 N A SR
g G s (. K {r) )(p D0g
N Ma

From this, (3) 'Eollows with ==qoza.nd T < 1

Second e%am@ie. uet “(t) e a P -times dlffersntlable fuﬂcu:ou ,
(P 2) forby 1, such that £ (%) has the same Blgn for ali
t, and that ‘” « ,

T leP@icgi  ganocen
- where ¢, G and b ara :ndegendenf of t. Then for the sequence :
u = £(n) one has ‘ | u |
@) !S(M N, )t JL*yf N (M + n) o

: 4 2 LA

- with U“*t(? T< Y2, so that theomam II 1% applmcable to the
f'sequence_{j n}.,*“ : | 1

' ¥  p“oof of §4; is based On th f"

lﬁ?’m@ n,ema a*" ven der
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Lemma. Let # > 0, N 1, p > 2 be all integers, put F =2~

and let g(t) be a real functlon for M<t <M + N which admits )

derivative of orderP say g )(t) and suppose that g( )(+)>r

for all %, or- g( (%) £ -r for eall’ 1;, where ¥ is independent

of t. Writing | |

R =§T }g(“’"")(m + M) - g(P")(m) ’

one has B ' '

(5)

.

| Zf. 2T | < 21N i(—%{ﬁ + (FN )

Now apply the lemma to the function g(t) = xe(t), where f(‘b)
satisfies the condltlons of our example, and put ' :
M+N

'T"N

+ (iji}- ;f

‘ B ' | ,
r"ﬁ%’lﬂ"‘a R ka (t)dtf N
go that MeN : |
R <3__j chkdt o ck J 7t = ck
S K RS V.=
A ) Wiki
We ha.ve now, C, .5 Cp » etc....; bemng constartss
4 i-¥ -2(1-¥)
(—-1-)1“-(0 kP2 (M*N)P" NPz
S ST S -y _2p
(rNjS‘ P Lo, xF (M+N) P N P
..._g... B )~ . _____?:__(20 )
(5N T g, e Y gm0
Hence, by (5) . . :
M- N 1 2(-¥) /_'_ 2(i-
Zw', " ™- . D . - >
‘Z e.’k§()1,94k92 M+m ¥ w F?

Nz ™ . : :
the inequality being obtained by remarking that, since O <g«& 1,

B2 2,?) 4, one has

20-¥) 5y =¥
b2

P = Pp-
and
M( ..Lz._l(). < 7
. p-2 P P 3
Writing\nowf = ..§l;. T =1 z._(_t-m T = Z-Q’P}ﬂn N
e remark ‘bhat, since P > 4, g (6(‘1_, Sre asi :
T/ £ Y2 and | ‘ e
LT T -14.3:.‘..’:.& b 2020 <4
' Pzt TP g
so tha’i: LT

,Z—:.e aW&kf(n} % < o S VN‘F (mm)t ;

n:M ’




-7 -

with @ + T<1, T< Yo, We conclude that, under the condi-
’r,ugons 2tated fgr f(ﬁ;) Jheorem II is appliceble 1o the
quence u, = £{nj. - . o

4¢ In view of theoren 17 the questicn arises, whether by
imPOSiﬁg to the ssguence Uy uz...a.sufficiently8§trong
~conditicne; e.g. with respect to its discrepency D(NY,
one could avoid any sert of copdition on the Fourier coef-
fisienss of f(x) and hove the rélaticn,(ﬁ§ by mere%y'sn?~
p““.nb Shet the periodic function £ belongs to L T¢s The
answer to this questlo’ is negatwve, &3 #OllQWS from an
interesting counterexsmple due t0 P. Erdos wAo communicated
i+ to us verbally: For evé“: Ziven positive number €< 1
and every decreasing Sequence of EQ$1%+V6 nvmbers {5"3
fo; which

C

s e

(6) 8, < &

<4,
a funnncn (x) on (0,1 c___g be constructed, Whlgb, takes
the values O and 1 only, for which J "£(x) ad{x)<E, whereas
'Lhe followa.ug assertion holds: 1f ui,, ua, ceecaos is g}g

sequence ou (0, 1); then it can be replacsd by a sequence
i t - - i

’gx", ® .i’.’ att 'Rgzg.g“l} i "Jh&'i?

KRR PR WG ERD

wheréag for 'al.". X ,
. '\l' |

Lin sup -; Z.._. £ h + x)— 1
N =3 O L, :
Now i% is cbvicus tha‘t, if +he sequence u, » Wy eeen is uni-
formiy aistrivuted (imod 1) with the dlS"T°panf'V D(N), we car
choose &y 0, 4+ »+«s. S0 rapidly decreasing thavc the sequence
U, ; W, s seeer i alsc uniformly distriduted and has the
discrepancy £ 4AD(N). Therefore:’
No mather how fash the positive decrsasing furction ?(T{)_ may
+vr‘1 YC zero as N —soe, 1X Thele are u,,c;pences dy U,y evecs
g . 2

for which D(N) < & (N}, Thers exist a function (%) € L

A ' & § b
and cexlain sequences. UyoyeU, ‘.,..m.‘ ‘f'_am_i,’_:t;, ying D(N) \,‘ff N},
Qmﬂh that we have :

W o . ren s v

. I
i ?( f(x)dx £ ¥2 and i.gs:p Zf(u + :r)
for every x on (0,1), ’I s
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w(n
where w(1), w(2), +«... denotes an increasing sequence Of po-—

sitive integers. Put M =1, N = (k2 + + areaet )'ﬁ
My 4 {k > 2) and Ny = w(m + My o+ eees H) + 1 (Other se-
quences M1, M 3 s+ and N’!' Nz,*.... would do ag well, but it
is essential that My, Mz.... increase rapldly and Nyy N, éee
gtill more). Now for k2 1 consider in (0, 1) the seh Ty eon-i
sisting of N eq,mdis‘ban‘b small segments 0'; y each of leng*h

We give a cumplete sketch of the proof. Put/ 'f —-(-T y

'-—-—-m ‘éf sce bplcr ) Let :t‘k(x) denote the caracteristic

:Eunct:.on of T ' whereas f£(x)’ der&otes the caracteristic

function of T1 + %1‘ + eess Then

f(x) S‘ fi(x) + fa(x) H eeecean

is a function € L and jfax <£ by {6).
We new translate the numbers “n’ In the first step we mbva
the first M1 elements of W 4 B,y e-ss In the second step the 4
fallowing M2 elements etc.; hence after the k-th step My + .,u
M elements have been moved. In the first step we move u,
over a distance O, Now let the (k-1)th step be carried out.
Then we carry out the k-th step in substeps. In the first sub=
step we remove +the flrst kzmk 1 elements (n-M1 + ...-i-Mk 14—1,«*&
+éeeet Mk g4+ kzmk 1); In the second step the following
kjmk 1 elements, etcs In the first su'bstep we replaoce each
w by an un in such a 'Wa.y that - u + W fallsg in the
lef'thand. endpoint of a ¢ which :Ls neerest to w, + "—m

(mod.1). In the k-th substep (denoted by (k b)) we replaae u,

n
{f - h
by an un in such a way that Yy YRR falls in the

klefthand endpoint of o T K which is n¥arest to u, + W (m&

Note that mod. 1 ea h now is moved over a distance v
( ) eac “n N, ¢ &'L ;;

K
Now let x denote an erbitrary real number in (0, 1) Then for

each K31 x lies exactly in onme of the ¥ 7(k) equal parts si’
length m in which we can devide the segment (O;ﬂ,
say in the part

k,' < < ,h‘-u : z. ’
W \x W i (0 « ;L <(N (k))
Now there is an uniqu.ly de‘fined integer h =h (K) (0 ¢ k“
such that hz W (modw(k)) | | i
,viconsider the elements ) which have been m&vad by tha‘ '
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_ 0} . Hence f(uf + x) = 1. Denoting the total number of ele-
ments which have been moved after finishing the substep (k,h)

by A(h,k) we clearly find

, - Akyh) |
"(‘A';“‘”;’g}’ _Z—(____if(u + %) 2 m&—- —> 1ask = oo

by the defimtmns of M, 4 and Ak 1). Q.e.d.

1)

2)
- 3)

4)

5)

6)

)

5

‘andRca A" £ g
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For the convenience of the reader, this result is obtained
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Math.%,.29, 397 - 426 (1929) .-
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